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We investigate the spin and orbital correlations of a superexchange model with spin S = 1 and
orbital L = 1 relevant for 5d4 transition metal Mott insulators [1], using exact diagonalization and
density matrix renormalization group (DMRG). For spin-orbit coupling λ = 0, the orbitals are in
an entangled state that is decoupled from the spins. We find two phases with increasing λ: (I) the
S2 phase with two peaks in the structure factor for λ ≤ λc1 ≈ 0.34J where J is the ferromagnetic
exchange; and, (II) the S1 phase for λc1 < λ ≤ λc2 ≈ 1.2J with emergent antiferromagnetic
correlations. Both S1 and S2 phases are shown to exhibit power law correlations, indicative of a
gapless spectrum. Upon increasing λ > λc2 leads to a product state of local spin-orbital singlets
that exhibit exponential decay of correlations, indicative of a gapped phase. We obtain insights
into the phases from the well-known Uimin-Lai-Sutherland (ULS) model in an external field that
provides an approximate description of our model within mean field theory.
I. INTRODUCTION
Spin-orbit interaction (SOI) and its involved emergent
phenomena have been one of the central themes in con-
densed matter for more than a decade. In observations
of the quantum spin Hall effects [2–4], the discovery of
three-dimensional topological insulators [5], and the dis-
covery of quantum spin liquids [6], SOI plays a crucial
role. Furthermore in Mott insulators where electron-
electron interactions have a substantial effect, SOI is re-
sponsible for the new kinds of spin-orbital excitations in
heavy transition metal oxides [7, 8].
While SOI has opened new directions for the field of
Mott physics, much of the focus has been dedicated to un-
derstanding of the d5 valence configuration [9]; relatively
less attention has been given to other valence configura-
tions. As different fillings lead to different ground states
and correspondingly different low energy excitations, it
is natural to ask how SOI affects the existing low en-
ergy theory of the electronic configurations other than
d5. With this perspective, d1, d2, and d3 Mott insulators
have attracted some interest [10–12], while d4 electronic
configuration has been put aside until recently [1, 13–15].
This is mainly due to the expectation that d4 materi-
als remain nonmagnetic in both strong SOI and Hund’s
coupling limits [11]. However, a recent study of d4 con-
figurations proposed that a magnetic phase transition is
possible in a realistic parameter regime [1, 13]. In fact,
Ca2RuO4 was shown to have finite local moments [16–
18], while experiments on double perovskite iridates [19–
25], honeycomb ruthenates [26–28] have revealed mag-
netism as a key player.
Motivated by our earlier work, we examine the low-
energy effective Hamiltonian describing one-dimensional
d4 transition metal oxides, proposed by Ref. [1]. We re-
mark that Ref. [1] studied the full multi-orbital Hubbard
model in search of the unusual magnetic phase tran-
sition mediated by SOI in systems on 2-sites with d4
configuration. Here, we study the effective low-energy
spin-orbital Hamiltonian on large systems using exact
diagonalization (ED) and density matrix renormaliza-
tion group (DMRG). Unlike the 2-site study that only
show one phase transition, in this article we demonstrate
that there are two distinct phase transitions with increas-
ing SOI. In this article, (1) we identify each phase in
the phase diagram, (2) provide the explicit ground-state
in extreme limits of SOI, (3) demonstrate spin-orbital
separation in the small SOI limit, and (4) demonstrate
that our low energy effective model of d4 configuration is
equivalent to a well known Uimin-Lai-Sutherland (ULS)
model [29–31] with a small external field.
This work is organized as follows. Section II intro-
duces the model and the methods. Section III presents
the main results. Section IV establishes the correspon-
dence between the magnetic Hamiltonian describing the
d4 configuration and the ULS model in an external field.
Section V provides the final conclusions.
II. MODEL AND METHODS
The superexchange Hamiltonian we investigate is ob-
tained from a microscopic electronic Hamiltonian, as
shown previously [1], and is given by:
Hd4 =− JFM
∑
〈ij〉
(Si · Sj)P(Li + Lj = 1)
+ λ
∑
i
Li · Si,
(1)
where Si and Li are local spin S = 1 and orbital angular
momentum L = 1 operators at the site i with 〈ij〉 rep-
resenting the nearest-neighbor sites. The coupling con-
stants JFM and λ represent ferromagnetic exchange and
spin-orbit interactions. The projection operator in the
first term, P(Li + Lj = 1) = − 18L2〈ij〉(L2〈ij〉 − 6), is de-
fined on a bond connecting orbital sectors of two adjacent
sites. For a two site problem, the total orbital angular
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2FIG. 1. Schematic representation of our model (Eq. 1) on
a chain with 4-sites. Each site has a spin S (black circle)
and orbital L (blue circle) degrees of freedom. The blue (red)
bonds represents effective anti-ferromagnetic (ferromagnetic)
interactions. In addition, nearest neighbor L − L bonds are
projected into local bond L〈ij〉 = 1 while the spin bonds S−S
are projected into S〈ij〉 = 1 or 2. The vertical blue bonds rep-
resents AFM spin-orbit coupling. Finally, the purple shade
represents interactions between the 2 spins and 2 orbitals re-
sulting from the projector in (Eq. 1).
momentum can be LT = 0, 1 or 2. Therefore, the pro-
jector P(Li + Lj = 1) = 0, 1, 0 for LT = 0, 1, 2 respec-
tively. Considering the overall minus sign in the first
term of the Hamiltonian (−JFM ), this projector makes
the L〈ij〉 = 0 and 2 quantum sectors energetically unfa-
vorable (projects out) on the two-site bond, while pre-
ferring L〈ij〉 = 1 angular momentum on the bond. Fig-
ure 1 shows a schematic representation of the Hd4 model
where intra-orbital (blue sites) bonds are projected into
the Hilbert space of L〈ij〉 = 1 on each bond. Expanding
the projector reveals the explicit form of the Hamilto-
nian:
Hd4 =
JFM
2
∑
〈ij〉
(Si · Sj)
(
(Li · Lj)2 + Li · Lj − 2
)
+ λ
∑
i
Li · Si,
(2)
where the ferromagnetic spin exchange is illustrated by
intra-spin red bonds in Fig. 1. We solve this model using
a combination of exact diagonalization (ED) and density
matrix renormalization group (DMRG) with S,L = 1.
ED is used for 4-site chain calculations with a 38 di-
mensional Hilbert space under periodic boundary con-
ditions, while DMRG is used to solve the 64-site chain
with open boundary conditions. In order to lift a large
ground-state degeneracy, we apply a small a pinning field
10−5 at the edge of the chain. This avoids random linear
combinations of degenerate states and allows calculations
of numerically consistent results at all values of λ. All
DMRG calculations were performed using the ITensor Li-
brary [32] with maximum number of kept states m = 800
with a fixed truncation error 10−7.
Operators and Observables
In this section, we describe the observables whose be-
havior is presented in the Results section. The gap in the
energy spectrum is defined by
∆E = Em − E0, (3)
is the difference in energy Em of the m
th state from that
of the ground state E0. We use the operator O to rep-
resent spin S, orbital L or total J angular momentum
operators, and subscripts i and j are label the sites with
a total of N sites in the chain. The total quantum num-
bers OT of the full system are defined using
O2T = OT (OT + 1) =
∑
i,j
〈Oi ·Oj〉. (4)
To make our analysis easier, we use this definition even
when OT is not quantlized. The total magnetization re-
lated to the O angular momentum is defined as
MO =
1
N
|
∑
i
〈Ozi 〉|, (5)
where only the z projection of O angular momentum is
used. We also present calculations of connected and un-
connected correlations in the main text. The connected
correlator is defined as
〈δOi · δOj〉 = 〈Oi ·Oj〉 − 〈Oi〉 · 〈Oj〉 (6)
where the ground-state expectation value 〈Oi〉 · 〈Oj〉 are
subtracted from the correlations 〈Oi · Oj〉. We present
the real-space correlations CO(R) to study the decay of
correlations andGO(R) to study the real-space alignment
of O with respect to a site of reference ir.
CO(R) =
1
NR
|
∑
i
〈δOi · δOi+R〉|,
GO(R) = 〈δOir · δOir+R〉,
(7)
where NR refers to the number of nearest-neighbor pairs
at a distance R relative to a chosen reference site. We
also calculate the momentum space correlations
O(k) =
1
N2
∑
i,j
eik(ri−rj)〈δOi · δOj〉, (8)
using the Fourier transform of 〈δOi · δOj〉 in order to
elucidate the underlying quasi-long-range order. The ri
and rj refers to the real-space coordinates of sites i and
j and the k represents the crystal momentum.
III. RESULTS
We begin by describing our results in the two extreme
limits of the SOI: λ = 0 and λ→∞.
λ = 0 limit — Figure 2a and 2b show the energy spec-
trum and quantum numbers as a function of spin-orbit
coupling λ, obtained using ED on a 4 sites periodic chain.
We find a large 27-fold degeneracy in the ground-state
3(d)
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(b)
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DMRG 
FIG. 2. (a) Energy gap spectrum (Eq. 3) and the (b) spin (ST ), orbital (LT ) and total (JT ) angular momentum (Eq. 4) as
a function of spin-orbit coupling (λ) for 4 sites chain. Results of (a-b) are obtained using exact diagonalization. The numbers
in the spectrum represents degeneracy of the corresponding state (red-lines). (c) The total spin, orbital and J magnetization
(Eq. 5) and ST , LT , JT per site as a function of λ. Results of (c-d) are obtained using DMRG calculations on a 64-site chain.
(d) phase diagram representing four different phases with two critical fields λc1 and λc2.
(g.s.) for λ = 0. To understand this degeneracy, we
show measures of total angular momentums in the Fig-
ure 2b. The λ = 0 Hamiltonian commutes with the total
S2 and orbital L2 angular momentum, defining ST and
LT as ‘good’ quantum numbers. The λ = 0 g.s. has
ST = 4 (maximum for 4-sites chain) quantum number
with LT = 1, leading to 2ST + 1 = 9 fold spin degener-
acy and 2LT + 1 = 3 fold orbital degeneracy (Fig. 2b).
Therefore, the total g.s. degeneracy is 27 as shown in
Figure 2a. This implies that the spin and orbital degrees
of freedom are approximately decoupled for λ = 0 phase.
This is surprising because SOI is still present through
the terms (Si · Sj)
(
(Li · Lj)2 + Li · Lj
)
even at λ = 0.
Overall, the g.s. of λ = 0 can be expressed as
|ψ0〉λ=0 ' |ST = N〉 ⊗ |LT = 1〉 (9)
where |ST = N〉 represents a ferromagnet (Figs. 2b and
2d). This wave-function factorization is a signature of
the spin-orbital separation in a strongly-interacting sys-
tem. Considering this factorized g.s., if we ignore the
spin terms in the Hamiltonian, we obtain the effective
orbital model as the well-known Uimin-Lai-Sutherland
(ULS) Hamiltonian.
HULS =
∑
〈ij〉
(
(Li · Lj)2 + Li · Lj − 2
)
(10)
The ULS model is exactly solvable and its ground-state
(|ULS〉) is well known [29–31]. The ground state of
our Hamiltonian Hd4 in the λ = 0 spin-orbital factorized
phase can therefore be written as
|ψ0〉λ=0 ' |FM〉 ⊗ |ULS〉. (11)
We have extended our results of the 4-sites chain by
performing large-scale DMRG simulations on 64 sites
chains (Fig. 2c and 2d). We find that LT = 1 and
ST = N for the λ = 0 g.s., in agreement ferromagnetic
ULS-orbital state understood from the ED results. In
addition, the large magnetization MS clearly indicates
a spin ferromagnetic g.s. for λ = 0 (Fig. 2d). We re-
mind the readers here that by using a pinning field in
the DMRG calculations, we ‘pick’ only the MS = N state
from the 2N + 1-fold degenerate FM g.s. state.
λ → ∞ limit — Upon increasing λ, the large g.s. de-
generacy decreases, eventually resulting in a unique g.s.
for λ ' 1.1 (Fig. 2a). For λ→∞, only the on-site spin-
orbit interactions dominate whereas the inter-site inter-
actions become negligible. Therefore, the g.s. is sim-
ply composed of on-site anti-aligned spin-orbital singlet
|J = 0〉i. The full g.s. is represented as a product-state:
|ψ0〉λ→∞ =
N∏
i=1
|J = 0〉i, (12)
4and we refer to this phase as the non-degenerate spin-
orbital singlet (SOS) phase. In this state, JT = 0 while
L2T = LT (LT + 1) = S
2
T = ST (ST + 1) = 2N . This
is due to the negligibly weak coupling between adjacent
orbitals at large λ, at which only the diagonal terms in
Eq. 4 survive:
〈S2T 〉λ→∞ =
N∑
i
〈
S2i
〉
=
N∑
i
Si(Si + 1) (13)
Hence in SOS phase ST = LT = 10.83 for 64 sites chain,
in agreement with results of Fig. 2d. The same is true
for 4-sites ED results with ST = LT = 2.37 (Fig. 2b).
Additionally, the energy spectrum is gapped within the
SOS phase with a gap value that increases linearly with
λ. The first excited state is simply |J = 1〉 on-site spin-
orbital triplet with 3-fold degeneracy (Fig. 2a).
λ 6= 0 — The spin and orbital angular moments are not
quantized as S2 and L2 do not commute with the Hamil-
tonian, nevertheless the total J2 commutes with Hd4 for
all λ values. JT decreases with increasing λ (Fig. 2b),
and each quantized value of JT leads to 2JT + 1 fold de-
generacy in the g.s. (Fig. 2a). Remarkably, as shown in
the 4-site ED results, an energy level crossing occurs near
the g.s. at λ = 0.5. The level crossing in the g.s. en-
ergy at λ = 0.5 in the ∆E is indicative of an unexpected
intermediate phase transition, which is rounded due to
the small number of sites. This intermediate phase is
revealed more clearly through kinks in the magnetiza-
tion and total quantum numbers obtained from DMRG
calculations (Fig. 2c and 2d). We emphasize that our
discovery of this intermediate phase is new and has not
been reported in the previous study investigating a 2-site
model [1].
We identify two critical points in Figure 2e phase dia-
gram at λc1 ' 0.34 and λc2 ' 1.20. We label 0.0 < λ <
0.34 phase as the ‘S2’ phase and 0.34 < λ < 1.20 as the
‘S1’ phase (Fig. 2a), following the terminology used in
Ref. [33]. Overall, we identify 4 different phases that we
further explore using g.s. spin, orbital and total angular
momentum (J) correlations.
Figure 3 summarizes results of all two-point correla-
tions in the different phases of the phase diagram. Fig-
ures 3(a-c) shows the decay of the spin S, orbital L and J
connected correlations in each phase. All correlations in
the intermediate S1 and S2 phases have a power-law de-
cay, while, all correlations decay exponentially for λ > 1.3
in the SOS phase, as expected for a product state Eq. 12).
Finally, for λ = 0, the orbital and J correlations decay
as a power-law decay, but the spin correlations show an
exponential decay. We remark that exponential decay of
the spin correlations is likely a consequence of our nu-
merical method that ‘picked’ only the MS = N state
(due to the pinning field in the DMRG calculation) from
the 2N + 1 spin-degenerate manifold of the |FM〉 state.
In fact, Cs(R) < 10
−6 for λ = 0 and therefore should
be considered to be zero within our numerical accuracy.
We remark that upon considering the full degenerate FM
sector, the spin correlations for λ = 0 may have a power-
law decay, but is difficult to capture numerically because
of the large degeneracy. Regardless of the spin decay,
we show that the orbital and therefore the total J cor-
relations decay as a power-law. This implies an overall
gapless energy spectrum for λ = 0, S1 and S2 phases as
summarized in the phase diagram (Fig. 2e).
Figures 3(d-f) show the spin, orbital and J connected
correlations in momentum space. At λ = 0, we find a
peak at the incommensurate crystal momentum k ' 0.6pi
in L(k). Note that this peak is expected because the
λ = 0 g.s. is factorized such that the orbital angular
momentum part of the g.s. is effectively represented as
the g.s. of the ULS Hamiltonian (Eq. 11). A peak at the
k ' 0.6pi is known to be present in the ULS g.s. Figure 3g
shows the corresponding spin, orbital and J correlations
in the real-space. The fluctuating blue curve allow us
to write a ‘classical’ state with a series of repeated up-
down-down orbital L patterns, represented by the blue
arrows in Figure 3g. The Figures 3j/n show a real-space
cartoon of correlations between the nearest-neighbor L
and S with anti-ferro blue bonds and ferro red bonds. For
λ = 0 spin angular momentum, we expect to see a peak
at k = 0 for the spin S(k) because the spin part of the
factorized g.s. is described by the ST = N ferromagnet.
However, due to capturing only MS = N product-state
of the full 2N + 1 fold degenerate spin sector, we do not
find a peak in the S(k) even though we have already
established that λ = 0 state to be a spin ferromagnet.
Figures 3j/n further corroborate our explanation where
the connected correlations between spins are zero, yet the
correlations 〈Si · Sj〉 clearly show ferromagnetic orange
bonds between the nearest-neighbor spins. Additionally,
all correlations between S and L are zero, consistent with
the g.s. |FM〉 ⊗ |ULS〉 ansatz.
Upon increasing 0 < λ < 0.34 into the S2 phase leads
to bifurcation of the L(k = 0.60pi) peak into two features
that separate with increasing λ. This multi-peak struc-
ture leads to interference between different momenta,
leading to real-space structure that is difficult to decipher
(Fig. 3h). The corresponding real-space nearest-neighbor
correlations cartoon show weak correlations between the
spin S and L angular momentum (Fig. 3k/o).
Beyond λc2, L(k) shows a peak at k = pi in the S1
phase (λ = 0.7) representing a anti-ferro orbital align-
ment as shown by the short period fluctuating blue curve
in real space Figures 3i. However, we remark that the
S1 phase is not a usual Ne´el type anti-ferro orbital or-
der because LT 6= 0 in this case, unlike the singlet Ne´el
type AFM g.s.of the Heisenberg model (Fig. 2d). Ad-
ditionally, the coupling between the spins and orbital
is robust as represented by blue vertical on-site L − S
bonds in Figures 3l/p. Finally for λ = 1.3 in the SOS
phase, all nearest-neighbors correlations are significantly
suppressed while on-site S − L bonds remains robust,
consistent with the product-state ansatz (Eq. 12). For
all phases, we also show the total J correlations qualita-
tively behaves as the L correlations(Fig. 3).
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FIG. 3. Decay of the (a) spin, (b) orbital and (c) total J correlations (Eq. 7) for various values of λ. (d,e,f) momentum-space
(Eq. 8) and (g,h,i) real-space correlations (Eq. 7) for λ = 0, λ = 0.2 S1 phase, and λ = 0.7 S2 phase (top to bottom panel
respectively). (j-q) On-site and the nearest neighbor real-space bulk (around the central sites) correlations for λ = 0, S2 phase,
S1 phase and the SOS phase (top to bottom panel) where left column represents the connected correlator (Eq. 6) and right
column represents the total correlations. The blue and orange line represents ferromagnetic (alignment) or anti-ferromagnetic
(anti-alignment) correlations, while the line thickness represents the magnitude of the correlations. In each panel, orbital, spin
and total J sites are filled circles with colors blue, black and red (respectively). All Results are obtained using 64 sites DMRG
simulation.
IV. DISCUSSION AND ULSZ MODEL
CORRESPONDENCE
Over the range of λ ∈ [0,∞], there exist four differ-
ent phases which we call |FM〉|ULS〉, S2, S1 and spin-
orbital singlet (SOS) states. An uncanny resemblance of
the phase diagram of our model (Eq. 2) to a seemingly
unrelated model studied several decades ago [33] lead
us realize the following. For the spin-orbital coupling
λ = 0, we have demonstrated that the g.s. factorize into
FM spin state and ‘ULS’ orbital state (Eq. 11). Realiz-
ing this, we can also factorize our Hamiltonian into a spin
and orbital part, similar to a mean-field approximation,
Heff =
JFMM
2
S
2
∑
〈ij〉
(
(Li · Lj)2 + Li · Lj − 2
)
+ λMS
∑
i
Lzi
(14)
where we assume M2s '
∑
〈ij〉〈Si ·Sj〉 and treat the spin-
orbit coupling in the Ising limit with MS =
∑
i |〈Szi 〉|. In
summary, the similarity with Ref. [33] lead us to expect
that our model (Eq. 1) can be well approximated by only
the orbital term in the Hd4 Hamiltonian with a Zeeman
field Lz (Eq. 14). The first term in Heff is exactly the
ULS Hamiltonian (Eq. 10) up to a constant. Therefore
the effective Hamiltonian can be interpreted as the ULS
Hamiltonian with an additional Zeeman field, which we
dub the ULSZ Hamiltonian, given by:
HULSZ =
∑
〈ij〉
(
(Li · Lj)2 + Li · Lj
)
+ h
∑
i
Lzi , (15)
where Li are the spin-1 Pauli operators at site i, and h is
the strength of an external magnetic field applied along
the z-direction.
Figure 4 summarizes the results of the ULSZ model.
At h = 0, in the ground state of the ULS Hamiltonian,
the real space correlation function exhibits a power law
decay. This is consistent with the well-known fact that
the g.s. of ULS model is gapless. The SU(3) symmetry
of the ULSZ model at h = 0 is immediately broken down
to U(1)×U(1) at h > 0. The model remains gapless for
0 < h < hc1 = 0.941 in the S2 phase where two gapless
modes characterize the low-energy excitations [33]. For
hc1 < h < hc2 = 4 in the S1 phase, one gapless branch
is realized [33]. And for h > hc2 the system becomes
fully spin-polarized phase. These results are consistent
with the power-law decay of S1 and S2 phase of HULSZ
(Fig. 4b) that implies a gapless phase. Moreover, the
power-law decay of the h = 0, S1 and S2 phase are also
consistent with the results of the Hd4 (Eq. 1).
Figure 4a shows the momentum-space correlations.
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FIG. 4. (a) momentum-space and (b) real-space correlations
at h = 0, 0.5, 0.9, 1.0 (respectively). (c) 〈S¯z〉-h curve of the
ULSZ chain of length L = 64 (black) and 〈L¯z〉-heff curve
(blue) of d4 chain in S2 and part of S1 phase. Both curves
almost overlap for 0 < heff < 0.83. The y-axis is in units of
~. The inserted graph is the zoom-out of ULSZ 〈S¯z〉 on a
wider range of h, which shows a transition to an intermediate
phase at h = 0.9 , and transition to a fully polarized state
at h = 4.0. Results are obtained using 64 sites DMRG with
OBC.
The incommensurate orbital ordering is demonstrated by
a peak for k ' 0.6pi which bifurcates into two incommen-
surate peaks with increasing h (S2 phase) followed by
one-peak structure at k = pi for the S1 phase (0.941 <
h < 4). This is also consistent with the momentum-space
correlations of Hd4 (Figure 3d-f). Overall, the decay cor-
relations and the quasi-long-range order resembles the re-
sults of Hd4, confirming that the low energy spin-orbital
Hd4 model can be approximated with a ULS model with
an external field.
It is necessary to ascertain to what extent is the
ULSZ an accurate approximation of the Hd4 Hamilto-
nian (Eq. 2). Comparing the effective Heff with the
HULSZ (Eq. 14 and 15), it is immediately clear that
h↔ heff = 2λ
MS
. (16)
The first critical point in the Hd4 model occurs at λc1 =
0.34, at which MS = 0.81 (Fig. 2c). This can be trans-
lated into the effective Zeeman field h = 2λc1/MS = 0.83
which qualitatively agrees with the value of the first criti-
cal point in ULSZ model at hc1 ' 0.9, as shown in Fig. 4c.
Moreover, the estimates of ML of the two models roughly
coincide for h < hc1 = 0.9. However, the orbital magne-
tization ML becomes distinct for h > 0.9 in the S1 phase
even though the corresponding orbital correlations in the
S1 phase show a peak at k = pi, in agreement with the
results of Hd4 (Fig. S3f).
Finally, the results of Hd4 and HULSZ are explicitly
different in the large field h phase. In the HULSZ model,
large field leads to a product-state where all the orbitals
are aligned along the Lz projection, while Hd4 model
leads to a local spin-orbital singlet product state for λ >
1.2 (Eq. 12). We have illustrated Hd4 Hamiltonian is
analogous to the HULSZ Hamiltonian in the low field h
limit. In fact, HULSZ can qualitatively capture the S1
and S2 phases found in the Hd4 Hamiltonian.
V. SUMMARY
In this paper, we have investigated the low energy mag-
netic Hamiltonian resulting from an electronic Hamilto-
nian pertinent for the 5d4 electronic configuration of tran-
sition metal oxides with competition between superex-
change interaction and strong SOI. For spin-orbit cou-
pling λ = 0, we found a wave-function factorization of
two orbital sectors, which is a smoking-gun signature of
the emergent spin-orbital separation in a spin-orbital in-
teracting system. Two phases are found thereafter with
increasing λ: the S2 phase with two peaks in the struc-
ture factor for λ ≤ λc1 ≈ 0.34J where J is the ferromag-
netic exchange, and the S1 phase λc1 < λ ≤ λc2 ≈ 1.2J
with antiferromagnetic correlations. The λ = 0, S2 and
S1 phases are shown to exhibit power law correlations,
indicative of a gapless phase. Increasing λ > λc2 leads to
a product state of local spin-orbital singlets that exhibits
exponential decay of correlations, indicative of a gapped
phase. By a mean-field like approximation, we demon-
strated the correspondence between the Hd4 at low en-
ergy with the well-known Uimin-Lai-Sutherland (ULS)
Hamiltonian with an external field (ULSZ). The results
of Hd4 and HULSZ are explicitly different in the large
field h phase. However, in the HULSZ model, large field
leads to a product-state where all the orbitals are aligned
along the Lz projection, while Hd4 model leads to a local
spin-orbital singlet product state for λ > 1.2. Hence the
approximation breaks down eventually.
We expect our findings to encourage the study of mag-
netic phases for relevant quasi-1d materials. A promising
platform to test our numerical results is Osmium Chlo-
ride (OsCl4) a quasi-one dimensional material, in which
the Os4+ ions are in the 5d4 configuration. The model
can further be adapted to describe systems in higher di-
mensions, e.g. 5d4 iridate, ruthenate and rhenate Mott
insulators with a double perovskite structure.
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1Supplemental: Magnetic phase transitions in quantum spin-orbital liquids
I. OPERATORS AND OBSERVABLES
In this section, we define all the observables that are
used in the main text. Figure 2(b,d) shows the total
quantum number in different sectors, i.e. the measure of
the total S, L, J sector in the g.s., which are defined as
ST , LT , JT :
S2T = ST (ST + 1) =
∑
i,j
〈Si · Sj〉
L2T = LT (LT + 1) =
∑
i,j
〈Li · Lj〉
J2T = JT (JT + 1) =
∑
i,j
〈Ji · Jj〉
= ST + LT + 2
∑
i,j
〈Si · Lj〉
(S1)
where 〈·〉 denotes the expectation of the g.s. wavefunc-
tion, and index i runs over all sites in the chain. Figure
2(c) shows the zˆ component of total spin, orbital and J
magnetization. They are defined as:
〈S¯z〉 =
∑
i
〈Szi 〉
〈L¯z〉 =
∑
i
〈Lzi 〉
〈J¯z〉 = 〈S¯z〉+ 〈L¯z〉
(S2)
In the main text, we also performed calculation on (con-
nected) correlation function on different quantum sec-
tors, both in real space and momentum space (Figure
3). the (connected) correlation of two observables A and
B on site i, j, which can be interpreted as a measure of
correlation in fluctuation, is:
〈δAi · δBj〉 = 〈Ai ·Bj〉 − 〈Ai〉 · 〈Bj〉 (S3)
Let NR be the total number of pairs at distance R, where
R = |i − j|. The real space correlation at fixed distance
R is then defined as:
CS(R) =
1
NR
∑
R
〈δSi · δSi+R〉
CL(R) =
1
NR
∑
R
〈δLi · δLi+R〉
CJ(R) =
1
NR
∑
R
〈δJi · δJi+R〉
(S4)
where the J − J correlation can be written explicitly as:
〈δJi · δJj〉 = 〈δSi · δSj〉+ 〈δLi · δLj〉
+ 2 〈δSi · δLj〉 (S5)
In their momentum space, we have:
S(k) =
1
N2
∑
i,j
eik(ri−rj)〈δSi · δSj〉
L(k) =
1
N2
∑
i,j
eik(ri−rj)〈δLi · δLj〉
S(k) =
1
N2
∑
i,j
eik(ri−rj)〈δJi · δJj〉
(S6)
In Figure 3(g,h,i), in order to better visualize the corre-
lation in real space, we defined GS(R), GL(R), GJ(R)
as the real-space alignment in different quantum sectors
with respect to a site of reference ir:
GS(R) = 〈δSir · δSir+R〉
GL(R) = 〈δLir · δLir+R〉
GJ(R) = 〈δJir · δJir+R〉
(S7)
II. BUILDING BLOCKS OF Hd4 HAMILTONIAN
A. Projection Operator
To articulate the structure of the Hd4 Hamiltonian and
understand the correlation profile at λ = 0 in the main-
text, we study several building blocks of the Hd4 model
in terms of the projection operator i.e. the Heisenberg,
AKLT and ULS Hamiltonian.
A projector P(n) is in general an operator that squares
to itself, with eigenvalues 0 or 1. Therefore, any Hamilto-
nian in the form of H =
∑
i P
(i) has non-negative eigen-
values
P(n)P(n) = P(n)
En ≥ 0
(S8)
Let P
(m)
〈ij〉 be the projection operator acting on a lo-
cal spin dimer with neighboring end points (i, j), whose
eigenvalue is Ei = δi,m:
P
(n)
〈ij〉|ST = m〉 = δn,m|ST = m〉 (S9)
and all these projection operators add up to identity:∑
n
P
(n)
〈ij〉 = 1 (S10)
This makes the Sz = m state energetically unfavorable
compared to others, thus, effectively tend to annihilate
Sz = m in low energy regime.
2B. Heisenberg Hamiltonian in the form of
projection operators
Consider a standard spin-1/2 Heisenberg chain with
only exchange interaction. First let’s build up projec-
tion operators in the local dimer Hilbert space: P
(1)
〈ij〉 and
P
(0)
〈ij〉, which respectively denotes projection to ST = 1, 0.
The quantum number ST is given by (Eq. S1), in which
S2T =
∑
i,j Si · Sj before evaluation. This operator
gives ST (ST + 1) = 2 when acting on triplet state, and
ST (ST + 1) = 0 on singlet state. Therefore we construct
the projection operator as such so that they satisfies
(Eq. S9):
P
(1)
〈ij〉 =
1
2
S2T
P
(0)
〈ij〉 = −
1
2
(S2T − 2)
(S11)
Note that the definition above also satisfies the identity
relation:
∑
n P
(n)
〈ij〉 = 1. Now, add up projection oper-
ators on each pair of sites on the chain with exchange
constant J . First we add up all P(0).
HFM = J
∑
〈ij〉
P
(0)
〈ij〉
= −J
∑
〈ij〉
Si · Sj − 1
4
(S12)
With J > 0, this is just the ferromagnetic Heisenberg
Hamiltonian with a 14 energy shift.
By the same logic, we get the anti-ferromagnetic
Hamiltonian by adding up P
(1)
〈ij〉 that favors local singlet
states across all sites:
HAFM = J
∑
〈ij〉
P
(1)
〈ij〉
= J
∑
〈ij〉
Si · Sj + 3
4
(S13)
Hamiltonians written in projection operators provide
intuition of local faverable states, it is also straightfor-
ward to look at the frustration by numerical simulation.
The ground states calculated from the Hamiltonian will
produce Eg.s. = 0 if the system is frustration-free that
the energy of all local bonds can be simultaneously pro-
jected out (minimized), and a Eg.s. > 0 is indicative of
the presence of frustration.
C. AKLT Hamiltonian
The AKLT Hamiltonian is essentially a model of spin-
1/2 chain with singlet bond connecting pairs of sites. The
FIG. S1. The AKLT model is built from the state where spin-
1/2 pairs form singlets (S = 0) between adjacent sites. This
is essentially a spin-1 chain with a non-trivial frustration that
minimize s=2 configuration
irreducible representation of 2 neighboring pairs is:
1
2
⊗ 0⊗ 1
2
= 1⊕ 0 (S14)
The same Hilbert space can be spanned in a spin-1
chain, with two spin-1/2 sites make up a spin-1 site, as
showed in figure 1. The Hilbert space of 2 neighboring
spin-1 sites is presented by:
1⊗ 1 = 2⊕ 1⊕ 0 (S15)
The first ”2” on R.H.S. has to be ruled out to fully re-
cover the subspace of the original spin-1/2 model. There-
fore, based on the argument in last subsection, we add up
projection operators which have eigenvalue EST = δST ,2.
That is :
HAKLT =
∑
〈ij〉
P
(2)
〈ij〉 (S16)
The ground state of this Hamiltonian locally favors
ST = 0, 1 and tend to rule out ST = 2 bonds (can be
projected out completely if frustration-free), leaving only
1⊕ 0 subspace. 3 projection operators are:
P
(2)
〈ij〉 =
1
24
S2T (S
2
T − 2)
P
(1)
〈ij〉 = −
1
8
S2T (S
2
T − 6)
P
(0)
〈ij〉 =
1
12
(S2T − 2)(S2T − 6)
(S17)
By writing out these operator explicitly in spin-1 case,
similarly, by S2T =
∑
i,j Si ·Sj where i, j run over 2 neigh-
boring sites, the AKLT Hamiltonian can be expanded as:
HAKLT =
∑
〈ij〉
P
(2)
〈ij〉
=
∑
〈ij〉
1
24
S2T (S
2
T − 2)
=
∑
〈ij〉
(SiSj) +
1
3
(SiSj)
2 +
2
3
(S18)
This is the standard AKLT Hamiltonian.
3(a)
(c)
(b)
(d)
FIG. S2. (a,c) momentum-space correlations, and (b,d) de-
cay of real-space correlations of ULS and AKLT respectively.
Results are obtained using 64 sites DMRG simulation
D. ULS Hamiltonian
As is argued in the main text, the local ULS Hamil-
tonian favors ST = 1 bonds. This property can be
achieved by projection operator −P(1)〈ij〉 where the mi-
nus sign makes ST = 1 bonds energetically favorable.
The full ULS Hamiltonian is then described by HULS =
−∑〈ij〉 P(1)〈ij〉. Write out the projection operator explic-
itly:
HULS =
∑
〈ij〉
−P(1)〈ij〉
=
∑
〈ij〉
1
8
S2T (S
2
T − 6)
=
1
2
∑
〈ij〉
(SiSj)
2 + (SiSj)− 2
(S19)
By writing the identity relation (Eq. S10) explicitly,
the ULS Hamiltonian can be written in terms of two
competing projection operators defined in spin-1 Hilbert
space:
HULS =
∑
〈ij〉
P
(2)
〈ij〉 + P
(0)
〈ij〉 − 1 (S20)
where the first projection operator in the summation is
the AKLT term. (Eq. S20) provides a qualitative expla-
nation for the bifurcation in the S(k) in the g.s. of ULS
Hamiltonian.
Qualitatively, the first P(2) term, i.e. hAKLT , in Hamil-
tonian prevents the neighboring sites from being aligned
with each other, it prefers a valance bond solid state in
the auxilliary spin-1/2 chain, thus prevents the forma-
tion of a global |FM〉 state. Alone with this term, the
Hamiltonian is frustration-free, thus the AKLT chain can
reach its minimal energy at ground state locally. DMRG
calculation also shows that the ground state eigenvalue
is zero. This rules out the possibility of forming a fer-
romagnetic order(shown in Figure.S2), and results in an
AFM-like state with no contribution from k = 0 and 2pi.
The frustration occurs in the ULS Hamiltonian. This
can be done by adding the second term P
(0)
〈ij〉 into the
AKLT Hamiltonian, and we are back at (Eq. S20). Again
this is verified by DMRG calculation which shows a non-
zero eigenvalue at the ground state. Since P
(0)
〈ij〉 avoids
local singlet state, the peak at k = pi will be lowered
compared to an AKLT ground state. This quialitatively
explains the double incommensurate peaks in momentum
space correlations at λ = 0 and S1 phase in the main text.
III. SYMMETRIES
The orbital sector of the Hd4 (Eq. 2) is well-known
as the ULS Hamiltonian, which also occurs in the ULSZ
approximation in section IV. This is known to exhibit
a SU(3) symmetry. In this section, beginning with the
simplest spin-1/2 Heisenberg Hamiltonian, we discuss the
fermionic representation of ULS Hamiltonian relavent for
both Hd4 and HULSZ , which helps to understand if cer-
tain system has larger symmetry than it seems. In spin-
1/2 Heisenberg Hamiltonian, define the spin-1/2 operator
Si ≡ 12ψ†i~σψi, ψi = (ci,↑, ci,↓), where ci,↑(ci,↓) annihilates
(creates) a fermion with spin σ at site i. we have:
Szi =
1
2
(c†i↑ci↑ − c†i↓ci↓)
S+ = c†i↑ci↓, S
− = (S+)†
(S21)
There is a constraint that the total spin on every site
is 12 . Therefore:
S2i = S
z
i S
z
i +
1
2
(S+i S
−
i + S
−
i S
+
i )
=
3
4
(ni − 2ni,↑ni↓)
=
3
4
(ni↑ − ni↓)2 ≡ 3
4
(S22)
where ni = ni,↑ + ni,↓ is the fermion number operator
at site i. In the last step we set ni,↑ + ni,↓ = ±1, thus
enforce the constraint that there’s only one fermion on
each site.
In the full Hilbert space spanned by two sites (i, j), we
have:
I = ninj (S23)
Therefore the Heisenberg Hamiltonian can be writ-
ten in terms of fermionic operators with some constants
4(a) (b) (c)
(d) (e) (f)
FIG. S3. (a,c) Decay of the spin, orbital and total angular momentum J correlations (Eq. 7) near the S1-SOS phase transition,
λ = 1.19 and λ = 1.21 respectively. (b,e) momentum-space correlations (Eq. 8) and (c,f) real-space correlations (Eq. 7) for
λ = 1.19 S2 phase, and λ = 1.21 S1 phase (top to bottom panel respectively). All Results are obtained using 64 sites DMRG
simulation.
that facilitate the representation while doesn’t change the
symmetry. Some straightforward algebra leads to:
H = 2
∑
〈ij〉
Si · Sj
= 2Szi S
z
j + (S
+
i S
−
j + S
−
i S
+
j )
= −
∑
〈ij〉
(∑
σσ′
c†iσcjσc
†
jσ′ciσ′ −
1
2
ninj + ni
)
≡ −
∑
〈ij〉
∑
σσ′
c†iσcjσc
†
jσ′ciσ′
(S24)
which is apparently of SU(2) symmetry.
For spin-1 sites, define spin-1 operator Si = ψ
†
i
~Iψi,
where ~I is spin matrix in spin-1 Hilbert space:
Iz =
1 0 00 0 0
0 0 −1
 , I+ = (I−)† =
0 √2 00 0 √2
0 0 0
 (S25)
and ψ = (di,1, di,0, di,−1)T , with di,m(d
†
i,m) being fermion
annihilation (creation) operator of spin-m at site i. With
the constraint that one fermion per site, after some
lengthy algebra the ULS Hamiltonian can be written as
follows:
HULS =
∑
〈ij〉
(
Si · Sj + (Si · Sj)2 − 2ninj
)
= −
∑
〈ij〉
(∑
m,m′
(d†i,mdj,md
†
j,m′dj,m′)− ninj + 3ni
)
≡ −
∑
〈ij〉
∑
m,m′
d†i,mdj,md
†
j,m′dj,m′
(S26)
where in the last equivalence we leave out the constant
terms ninj and ni. The last expression can be compactly
written as
∑
〈ij〉(ψ
†
iψj)(ψ
†
jψi), by which one can readily
notice the SU(3) symmetry.
IV. ADDITIONAL RESULTS
In the main text Figure.2 we showed the change of the
decay of correlation functions in S2, the phase with a
double-peak structure factor, and S1, the novel gapless
phase. Here we present the correlation functions near
the S1-SOS phase transition. Within S1 phase (0.34 <
λ < 1.20), increasing the spin orbital coupling λ to S1-
SOS transition point blurs the bifurcation structure of
L(k), J(k) at k = pi in momentum space correlation. As
5shown in Figure.S3(b,e), at the end of the S1 phase the
correlation in momentum space, though exhibit a small
peak at pi that is indicative of a weak anti-ferromagnetic
correlation, is close to the polarized phase in which such
structure disappears. Similarly, the alignment of S1 in
real space, shown in Figure.3S(c) also exhibits a very
small anti-ferromagnetic fluctuation in L and J sectors.
This weak anti-ferromagnetic behavior vanishes as one
keeps increasing λ and reach the SOS phase.
V. REPRODUCING DATA USING ITENSOR
The full open source code, sample inputs, and corre-
sponding computational details can be found at https:
//github.com/fengshi96/hd4-dmrg
